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The formation of the two: injected (coherent) and thermally excited, different in energies magnon
subsystems and the influence of its interaction with phonons and between on drag effect under spin
Seebeck effect conditions in the magnetic insulator part of the metal/ferromagnetic insulator/metal
structure is studied. An approximation of the effective parameters, when each of the interacting
subsystems (”injected” , ”thermal” magnons, and phonons) is characterized by its own effective
temperature and drift velocities have been considered. The analysis of the macroscopic momentum
balance equations of the systems of interest conducted for different ratios of the drift velocities of
the magnon and phonon currents show that the injected magnons relaxation on the thermal ones
is possible to be dominant over its relaxation on phonons. This interaction will be the defining
in the forming of the temperature dependence of the spin-wave current under spin Seebeck effect
conditions, and inelastic part of the magnon-magnon interaction is the dominant spin relaxation
mechanism.
I. INTRODUCTION
The influence of non-equilibrium phonons on kinetic
coefficients in electron-phonon or spin-phonon systems
has been theoretically studied chiefly by the Boltzmann
kinetic equation method or using the formalism of the
Kubo response theory. The present work employs the
method of the non-equilibrium statistical operator (NSO)
to analyze how interactions between three flows (two
magnon and phonon ones) affect the drag effect and the
temperature dependence of the spin Seebeck effect (SSE)
within the above model.
The concept of magnon spintronics, i.e., the genera-
tion, detection and manipulation of pure spin currents
in the form of spin wave quanta1, the magnons, has at-
tracted growing interest in the recent years2,3. Magnons
are quasiparticles representing a low-energy excited state
of ferromagnets. A quantized magnon is a boson and car-
ries basic spin angular momentum quanta of h¯4. Similar
to spintronics and electronics, magnonics refers to using
magnons for data storage and information processing5.
Up to now, magnons in the field of spintronics have been
investigated within the content of magnetostatic spin
waves which describe the nonuniform spatial and tem-
poral distribution of the classical magnetization vector.
Recently, a great deal of attention is devoted to the
investigation of thermally excited magnons, particularly
in studies of the spin Seebeck effect5–9 in Pt/YIG/Pt
structure. In SSE effect, an applied electric current in
one Pt layer accompanies an electron spin current due
to the spin Hall effect (SHE)8,9. When the spin cur-
rent flows to the boundary between the Pt and the YIG,
nonequilibrium spins are accumulated and, consequently,
due to the s-d exchange interaction between conduction
electrons in normal metal (NM) and magnetic moments
in ferromagnetic insulator (FI), magnons are created at
the interface10,11. The induced magnons subsequently
diffuse in FI to the other interface where the magnon
current converts back to an electron spin current in the
other NM layer, leading to a charge current due to the
inverse spin Hall effect (ISHE)12–14. Thus, the induced
electric current in the second NM layer which is electri-
cally insulated from the current-flowing NM layer by a
FI would elucidate the magnons as spin information car-
riers. One of the key advantages of magnon spin currents
is their large damping length, which can be several or-
ders of magnitude higher than the spin diffusion length in
conventional spintronic devices based on spin-polarized
electron currents15.
The propagation of magnons in a magnetic insula-
tor is described by two characteristic quantities: mean
free path and spin diffusion length that are governed, in
turn, by various magnon relaxation mechanisms. A se-
ries of experiments determine the range of the diffusion
lengths as being quite wide: from 4µm to 120µm16–20.
To explain so large values of the spin diffusion lengths,
the number of papers has put forward several concepts
of appearance, along with ”thermal” magnons, of long-
wave (”subthermal” ) magnons in a magnetic insulator.
Under SSE conditions, the former are characterized by
short wavelength, the latter are weakly coupled with the
lattice17,20. For interpreting the experimental results, the
works17,20,21 have adopted the hypothesis of the existence
of the two magnon subsystems with different energies. As
to the temperature dependence of the Seebeck coefficient,
it is non-monotonic and reaches its maximum within the
range of 50 - 100K. And as the investigations have shown,
it is affected by strength of a magnetic field, dimensions
of the samples, and quality of the interface20,22.
To explain the low temperature enhancement23 pro-
posed the phonon-drag SSE scenario based on a theoret-
ical model24–26. Back in 1946, in the context of ther-
moelectricity, Gurevich pointed out that thermopower
can be generated by nonequilibrium phonons driven by
a temperature gradient, which then drag electrons and
cause their motions24. It was suggested first by Bailyn27
that the theory of magnon-drag should be analogous to
that of phonon-drag24. Following this work the magnon-
2drag component of the thermopower has been calculated
by Grannemann and Berger28. In this phenomenologi-
cal model, the temperature dependence of the phonon
life time is involved, which reaches a maximum at low
temperatures. Based on this, they propose a strong in-
teraction between the phonons and magnons, which are
responsible for the heat transport in the system. The
phonons flow along the thermal gradient and interact
with thermally excited magnons. These phonons drag
the magnons. Thus, the phonon-magnon coupling is sug-
gested to explain the observed enhancement of SSE sig-
nal at low temperature23,24. The first investigation of
the phonon-magnon interaction in magnetic insulators
was conducted by Adachi et al., reporting a giant en-
hancement of SSE in LaY2Fe5O12 at low temperatures
23.
However, the observed transport of magnons over a long
distance of up to millimeters in magnetic insulators im-
plies a relative weak interaction with phonons and impu-
rities, and the measurements of the temperature depen-
dent thermal conductance of YIG single crystals show
that the phonon contribution to the thermal conductiv-
ity reaches its maximum at around 25 K16, which is 50
K lower than the observed peak in the SSE. In28 the
temperature dependence of the spin Seebeck effect was
measured in (Ga,Mn)As, and the data showed a pro-
nounced peak at low temperatures.
Here, we study how the formation of two interact-
ing magnon subsystems with distinguished energies af-
fects the SSE17,19–21. We assume that the first group of
magnons is ”thermal” ones subjected to a non-uniform
temperature field applied to the magnetic insulator. The
energy of such magnons is of the order of the tempera-
ture kBT . Further, under the SSE, inelastic scattering
of spin-polarized electrons of the metal by localized spins
located near the interface causes the magnons to inject
into the magnetic insulator. The energy of the injected
(”coherent”) magnons is of the order of the spin accu-
mulation energy ∆s of conduction electrons of the metal.
It can be generated, for example, by the spin Hall effect
when passing a direct electric current through the metal
(Pt) [1].
Under the SSE conditions, the injection of magnons
into the magnetic insulator dominates scattering pro-
cesses with magnon absorption provided that the inequal-
ity ∆s > kBT is fulfilled. Thus, it can be said that the
magnetic system of the insulator forms another subsys-
tem of ”injected” (”coherent”) magnons that are actu-
ally responsible for the SSE. As a consequence, in the
presence of a non-uniform temperature field, there are
three flows inside the magnetic insulator, namely, phonon
and two magnon ones. The evolution of the magnon and
phonon subsystems to equilibrium occurs due to the re-
laxation of both their energy and their moment. These
subsystems tend to become balanced with different veloc-
ities. Obviously, the interaction between the flows gives
rise to the drag effect29–31.
It is worth noting that the paper32 has already dis-
cussed the influence of mutual dragging between phonons
and spin excitations on thermal conductivity of a spin
system. Once the magnon subsystems are thermalized in
energy, the magnon system can be characterized solely
by a temperature Tm. As to the moment relaxation pro-
cesses, this time is defined, as well as in the event of spin-
flip electron scattering, by inelastic magnon scattering.
The time relaxation is large enough, which, apparently,
provides the existence of the SSE over long distances16.
The paper is structured in the following manner. The
first part is devoted to the splitting of the ”injected”
magnons flow responsible for the spin Seebeck effect from
the magnon current. In the second part the balance equa-
tions for the magnons and phonons in the approximation
of effective parameters when each subsystem is charac-
terized by its effective temperature and drift velocity are
built and analysed.
SPIN CURRENT
The density of the spin current Js(r) can be repre-
sented as the sum of two terms: collisional s˙z(sm)(r) and
collisionless Isz (r). The former is controlled by the in-
elastic spin-flip electron scattering by localized moments
at the interface, the latter is due to the flows of electrons
with different spin orientation33
Js(r) =
d
dt
sz(r) =
1
ih¯
[sz(r), H ] = −∇ Isz (r) + s˙
z
(sm)(r),
Isz (r) =
∑
i
szi {pi/m, δ(r− ri)},
s˙z(sm)(r) =
1
ih¯
[sz(r), Hsm ]. (1)
Here H is the Hamiltonian of the system considered,
Hsm is the density of the exchange interaction energy
between conduction electrons and localized moments at
the interface34.
Hsm = −J0
∑
j
∫
drs(r)S(Rj) δ(r−Rj), (2)
J0 is the exchange integral, S(Rj) is the operator of a
localized spin with the coordinate Rj at the interface.
s(r) is the spin density of the electrons in the metal. Ac-
companied by the creation of magnons, the inelastic scat-
tering of spin-polarized conduction electrons by localized
impurity centers dominates other processes. This leads
to magnon accumulation (δN(r) = N(r) − N0(r) )33,
N(r), N0(r) are the non-equilibrium and equilibrium
magnon distribution functions near the interface in the
magnetic insulator. The macroscopic spin current can
be found by averaging the expression with the non-
equilibrium statistic operator ρ(t)35:
〈Js(r)〉
t
= −∇ 〈Isz (r)〉
t
+
〈
s˙z(ms)(r)
〉t
, (3)
where 〈. . .〉
t
= Sp(ρ(t) . . .).
3Given that [szi , s
±
j ] = ±s
±
i δij , we have
〈
s˙z(ms)(r)
〉t
= (−J0/2)
∑
j
∫
dr
〈
(s+(r)S−(Rj)−
−s−(r)S+(Rj)) δ(r−Rj)
〉t
(4)
Restricting ourselves to the linear approximation in
the interaction Hsm, we omit the interaction Hsm in the
operator ρ(t) in which the averaging is performed. In
this case < . . . >t=< . . . >te< . . . >
t
m, i.e. the averaging
in the electron system and the localized spin system is
carried out separately:
〈
sα(r)Sβ(Rj)
〉t
→ 〈sα(r)〉te
〈
Sβ(Rj)
〉t
m
.
Thus, we arrive at,
〈
s˙z(ms)(r)
〉t
= (−J0/2)
∑
j
∫
dr{
〈
s+(r)
〉t
e
〈
S−(Rj)
〉t
m
−
−
〈
s−(r)
〉t
e
〈
S+(Rj)
〉t
m
} δ(r−Rj). (5)
Let us calculate S±(R). We write down the equations of
motion for the transverse components
S˙±(R) = (ih¯)−1[S±(R), Hm +H
k
m +Hmp +Hms],
where Hm, H
k
m, Hmp, Hms are the energy operators
of the magnetic subsystem (Zeeman and kinetic), the
magnon-phonon (mp) and exchange (sm) interaction, re-
spectively. Computing the commutators, we obtain
S˙±(R) = ∓iωmS
±(R)−∇IS±(R) + S˙
±
(mp)(R) + S˙
±
(ms)(R),
A˙(ik)(R) = (ih¯)
−1[A(R) , Hik] (6)
and the density of the magnon flows at the interface
IS±(R) =
∑
j
S±j {Pj/M, δ(R−Rj)} (7)
Pj ,M are the magnon momentum and the effective
magnon mass. The last two summands in the right-
hand side of (6)describe the scattering of the magnons
by phonons and electrons at the interface. Conducting
the averaging, in the stationary case we come to
∓iωm
〈
S±(R)
〉
m
= ∇〈IS±(R)〉m −
−
〈
S˙±(mp)(R)
〉
m
−
〈
S˙±(ms)(R)
〉
m
. (8)
Further, we insert the expression (8) into the equation for
the spin current
〈
s˙z(ms)(r)
〉
and estimate the summands.
The first term in the right-hand side of the expression (5),
approximately proportional to ∼ J0, governs the magnon
flow excited at the interface due to electron scattering by
localized moments. The second term is proportional to
∼ J0Up and sets forth the magnon scattering by phonons
(Up characterizes the intensity of the magnon-phonon in-
teraction). Finally, the last term in the right-hand side
of the expression (5) ∼ J20 . Putting that Up ≫ J0, we
leave this term aside.
Let us unravel the evolution of the magnetic subsys-
tem.
S˙z(R) = (ih¯)−1[Sz(R), Hm +H
k
m +H(mp) +H(ms)]
Then we have
S˙z(R) = −∇ISz (R) + S˙
z
(ms)(R) + S˙
z
(mp)(R). (9)
The first term in the right-hand side of (9) involves the
spin-density flow of localized spins (magnons), and the
terms S˙z(mp)(R), S˙
z
(ms)(R), described the scattering of
the localized spins by phonons at the interface.
Thus, the macroscopic spin-wave current realized in
the magnetic insulator can be written as
〈IS(R)〉 = −∇〈ISz (R)〉+
〈
S˙z(ms)(R)
〉
m
+
〈
S˙z(mp)(R)
〉
m
+
+(−J0)
∑
j
∫
dr{
〈
s+(r)
〉
e
〈
S−(Rj)
〉
m
)−
−
〈
s−(r)
〉
e
〈
S+(Rj)
〉
m
} δ(r−Rj), (10)
where
〈
S±(R)
〉
m
= iω−1m {−∇〈IS±(R)〉m−
〈
S˙±(mp)(R)
〉
m
}
. (11)
In (11), we have omitted the summand that describes
the magnon scattering at the interface ( ∼ J20 ). It can be
seen from (10), (11) that the magnetic subsystem real-
izes two magnon flows. The first is due to a non-uniform
temperature perturbation of the magnetic subsystem. It
is a flow of ”thermal” magnons. The mean energy of
these magnons is of the temperature. The second is
∼ J0∇IS±(R) and is brought about by magnons injected
into the magnetic subsystem as a result of inelastic scat-
tering of conduction electrons by localized moments at
the interface. The energy of such magnons is of the or-
der of the spin-accumulation energy of the conduction
electrons and is equal to ∆s ≫ kbT .
MACROSCOPIC MOMENTUM BALANCE
EQUATIONS
The influence of non-equilibrium phonons on kinetic
coefficients in electron-phonon or spin-phonon systems
has been theoretically studied chiefly by the Boltzmann
kinetic equation method or using the formalism of the
Kubo response theory32. The present work employs the
method of the non-equilibrium statistical operator (NSO)
for analyzing how interactions between three flows (two
magnon and phonon one) affect the drag effect and the
temperature dependence of the spin Seebeck effect within
the above model. In constructing macroscopic momen-
tum balance equations for the system at hand, we should
use the Hamiltonian
H = HM +HP +HV (12)
4Here HM is the Hamiltonian of the magnetic sys-
tem that consists of two magnetic subsystems: of
”injected” (”coherent”) (Hm1) and ”thermal” (Hm2)
magnons and their mutual interaction
HM =
∫
dr (
∑
i
Hmi(r) +Hmimi(r)), i = 1, 2 (13)
The integration is performed over the volume occupied
by the magnetic insulator FI. Hmi(r) is the energy den-
sity operator of the (i) magnetic subsystem. Hmimi(r) is
the Hamiltonian of the magnon-magnon interaction in-
side each the subsystems
Suppose the magnon gas to be free: Hmimi =∑
k
ε(k)b+
k
bk, ε(k) = P
2/(2M) is the sum of the en-
ergies of quasi-particles, ferromagnons having a quasi-
momentum P = h¯k with their effective mass M and
magnetic momentum34). b+
k
, bk are the creation and an-
nihilation operators for the magnons with the wave vector
k.
Hp is the lattice Hamiltonian
Hp =
∫
dr (Hp(r) +Hpp(r)), (14)
where Hp(r) is the energy density operator for the
phonon subsystem. Hpp(r) is the phonon scattering by
non-magnon relaxation mechanisms (scattering by the
boundaries of the sample, impurities and defects of the
lattice, etc.)
HV (r) = Hmimj (r) +Hmip(r) +Hmis(r) (15)
is the energy density operator of interaction between the
phonons. Hmip(r) is the energy density operator of inter-
action between the phonon and magnetic (i) subsystems.
Hmimj (r) describes the interaction between ”thermal”
and ”coherent” (injected) magnons. Hmis(r) is the en-
ergy density operator of exchange interaction between
conduction electrons and localized magnetic moments at
the interface.
Under the influence of a non-uniform temperature field
(a temperature gradient) applied to the system, the
magnons and phonons begin travelling; their macroscopic
drift affects the propagation of the spin-wave current.
Obviously, the drag effects that may arise in the sys-
tem considered are governed by both magnon-phonon
collision frequencies and phonon relaxation mechanisms
by other mechanisms of their scattering. The prob-
lem to be solved reduces to constructing and analyz-
ing a set of macroscopic momentum balance equations
P˙i(r) = (ih¯)
−1[Pi(r), H ] for the magnon (i = 1, 2 ) and
phonon (i = p ) subsystems.
In writing the Hamiltonian, we have omitted the ex-
change interaction between localized spins and conduc-
tion electrons at the interface. In doing so, we have put
that it is the exchange interaction that is responsible for
the magnon injection into the magnetic insulator and
makes no significant contribution to the momentum re-
laxation of the magnons and phonons.
The equations of motion for the magnon and phonon
momenta have the form:
∂
∂t
Pmi(r) = −∇IPmi (r) + P˙(mi,v)(r), (i 6= j = 1, 2)
∂
∂t
Pp(r) = −∇IPp(r) + P˙(p,pp)(r) + P˙(p,v)(r), (16)
where
A˙(i,v) = (ih¯)
−1[Ai, Hv].
The first terms in the right-hand sides of (16) are the
flows of appropriate momenta IP (r) =
∑
i{Pi/M, δ(r −
ri)}. The rest of the terms in the right-hand side of these
equations describe the relaxation processes: magnon-
phonon and magnon-magnon scattering.
To derive the macroscopic equations (16)
〈
P˙i(r)
〉t
= Sp{P˙i(r) ρ(t)}, (i = m1,m2, p),
the expression for the NSO needs to be sought. Accord-
ing to35,36, for ρ(t) we have:
ρ(t) = ǫ
0∫
−∞
dt′ eiǫt
′
eit
′Lρq(t+ t
′), ǫ→ +0,
ρq(t) = e
−S(t), eitLA = e−itH/h¯AeitH/h¯, (17)
Here ρq(t) is the quasi-equilibrium statistical operator.
The non-equilibrium state of the system considered cor-
responds in terms of average density values to the entropy
operator
S(t) = S0 +δS(t) =
= Φ(t)+
∫
dr{βmi(r, t)[Hmi (r)+Hmimi(r) +
+Hmimj (r)]−βµmi(r, t)Nmi(r) +
+βp(r, t)[Hp(r)+Hpp(r)+Hpmi(r)]−
−βmi(r, t)Vmi(r, t)Pmi (r)+ βp(r, t)Vp(r, t)Pp(r)}. (18)
Here S0 is the entropy operator for the equilibrium sys-
tem. δS(t) describes the deviation of the system from
its equilibrium state. Φ(t) is the Massieu-Plank func-
tional. βmi(r, t) are local-equilibrium values of the in-
verse temperatures of the magnon (i = 1, 2) and phonon
subsystems βp(r, t). µmi(r, t)is a local equilibrium value
of the chemical potential of the magnons. N(r) =
Nm1(r) + Nm2(r) is the magnon number density oper-
ator. Vmi , Vp are the drift velocities of the magnons
(i = 1, 2) and the phonons respectively.
Magnons, as well as phonons are Bose particles; their
distribution function is the Bose-Einstein function with
a zero chemical potential. However, the situation be-
comes quite different if magnons are non-equilibrium. In
our case, the non-equilibrium magnon system may be
described by introducing the non-equilibrium chemical
potential of magnons37–39.
5For ρ(t), in the linear approximation in deviation from
equilibrium, we arrive at
ρ(t) = ρq(t)−
0∫
−∞
dt′ eǫt
′
eit
′L
1∫
0
dτ ρτ0 S˙(t+ t
′)ρ−τ0 ρ0.
(19)
S˙(t) = ∂S(t)/∂t+(ih¯)−1[S(t), H ] is the entropy produc-
tion operator. ρ0 = exp{−S0}.Thus, the problem boils
down to finding the entropy production operator.
We write down the equations of motion for the opera-
tors involved in the entropy operator. Then, we have
H˙mi(r) = −∇IHmi (r) + H˙(mi,v)(r)
H˙p(r) = −∇IHp(r) + H˙(p,pp)(r) + H˙(p,v)(r),
N˙mi(r) = −∇INmi (r) + N˙(mi,v)(r). (20)
The first terms in the right-hand sides of these equations
control the flows of appropriate quantities: the energy
and number of magnons, phonons, meanwhile, the rest
of the terms describe relaxation processes. INm(r) is the
density of the magnon flow.
Substituting the equations of motion into the entropy
production operator, we come to
δS˙(t)=∆
∫
dr{−δβmi(r, t)∇IHmi (r)+
+βµmi(r, t)∇INmi (r) − δβp(r, t)∇IHp (r)+
+βmi(r, t)Vmi (r, t)∇IPmi (r)+ βp(r, t)Vp(r, t)∇IPp (r) +
+δβmimj (r, t)H˙(mi,mimj)(r) − βµmi(r, t)N˙(mi,v)(r)−
βmi(r, t)Vmi (r, t)P˙(mi,v)(r) − βp(r, t)Vp(r, t)P˙(p,v)(r)}, (21)
where δβmimj =βmi−βmj , ∆A=A−< A >0 .
We integrate by parts the terms containing the flow
divergences. Then, we ignore the surface integrals and
write down the entropy operator as
S˙(t)=∆
∫
dr{−β INmi (r)∇µmi (r, t) +
+δβmimj (r, t)H˙(mi,mimj)(r)+ I
∗
mi(r)∇βmi (r, t) +
+ I∗p (r)∇βp(r, t)−βµmi(r, t)N˙(mi,v)(r) −
−βVmi(r, t)P˙(mi,v)(r)−βVp(r, t)[P˙(p,pp)+P˙(p,v)(r)]}.(22)
Here
I∗mi(r)=[IHmi(r)+IPmi(r)Vmi(r)],
I∗p(r)=[IHp(r)+Vp(r)IPp(r)]
and we have taken into account that
∇ (βk(r, t)Vk(r, t)) ∼ Vk(t)∇βk(r, t).
Before going over to the macroscopic momentum
balance equations, we should find a relation between
the chemical potential and effective temperature of the
magnon subsystem. From the quasi-equilibrium distri-
bution ρq(t) it follows that
δ 〈Nm1(r)〉=−
∫
dr′{δβm1(r
′,t)(Nm1(r),Hm1(r
′)) −
βµm1(r
′,t)(Nm1(r),Nm1(r
′))−βm1Vm1(r
′,t)(Nm1(r),Pm1(r
′))},
(23)
where
δ 〈A〉 = 〈A〉 − 〈A〉0 , (A,B) =
1∫
0
dλSp{Aρλ0 ∆B ρ
1−λ
0 }.
If one admits that Nm1(r) = const in a non-equilibrium
but steady-state case, (23) implies that
µm1 ≃ (βm1/β − 1)R− (βm1/β)R1
R =
(Nm1 , Hm1)
(Nm1 , Nm1)
R1 = Vm1
(Nm1 , Pm1)
(Nm1 , Nm1)
. (24)
Note that as βm1 → β, Vm1 = 0, the chemical potential
of magnons tends to zero: µm → 0.
MACROSCOPIC EQUATIONS
Inserting the entropy production operator (22) into the
expression for the NSO (19), we average the operator
equations (16) for momenta of the subsystems under dis-
cussion. Then we have〈
P˙mi(r)
〉t
=
=−
0∫
−∞
dt′ eǫt
′
∫
dr′{β(∇IPmi(r),INmj(r
′,t′))∇µmj (r
′,t¯)+
+(∇IPmi (r),I
∗
mj (r
′, t′))∇βmj (r
′, t¯) +
+(P˙(mi,v)(r),P˙(mj ,v)(r
′, t′))βVmj (r
′, t¯)}, (25)
here t¯ ≡ t+ t′. The first summand in the right-hand side
of (25) describes the diffusion and drift of magnons due
to the gradients of the chemical potential and the tem-
perature, the last summand the magnon-magnon scatter-
ing processes both inside each of the magnon subsystems
and the ”coherent” magnon scattering by the ”thermal”
magnons.
Analogously, we characterize the relaxation processes
in the phonon subsystem:
〈
P˙p(r)
〉t
=
=
0∫
−∞
dt′eǫt
′
∫
dr′{(∇IPp (r),I
∗
p (r
′,t′))∇βp(r
′, t¯) +
−(P˙(p,v)(r), P˙(mi,v)(r
′, t′))βVi(r
′, t¯)−
(P˙(p,v)(r), P˙(p,v)(r
′, t′))βVp(r
′, t¯)}.
(26)
6Given that the chemical potential and the effective tem-
perature are related as in (24), we introduce the general
diffusion coefficient Dmimj (r, r
′, t′) :
β(∇IPmi (r),INmj(r
′, t′))∇µmj(r
′, t¯)+
+(∇IPmi(r), I
∗
mj(r
′,t′))∇βmj(r
′,t¯) =
= Dmimj(r,r
′,t′)∇µmj(r
′,t¯) (27)
where
βDmimj(r, r
′,t′)=(∇IPmi (r),INmj(r
′, t′)) +
+(∇IPmi(r),I
∗
mj(r
′,t′))/(R −R1). (28)
The above equations represent the temperature gradi-
ent as a driving force. Therefore, the entropy operator
involves the additional summands such as βi(r, t)Vi in-
stead of β Vi(r, t).
Now, revealing explicitly the correlation functions de-
scribing the relaxation processes and appearing in the
momentum balance equations (25), (26), we have
(P˙(mi,v)(r),P˙(mj ,v)(r
′, t′))=
=(P˙(mi,mp)(r),P˙(mi,mp)(r
′, t′))+
+(P˙(mi,mimj)(r),P˙(mi,mimj)(r
′, t′)), (29)
The first summand in the right-hand side of (29) de-
scribes the magnon-phonon scattering, the second the
magnon-magnon scattering processes both inside each of
the magnon subsystems and the injected” magnon scat-
tering by the ”thermal” magnons.
(P˙(p,v)(r),P˙(p,v)(r
′, t′)) =
= (P˙(p,pp)(r),P˙(p,pp)(r
′ , t′))+
+(P˙(p,pm) (r), P˙(p,pm)(r
′ ,t′)). (30)
The first term describes the processes of non-magnon re-
laxation of phonons; the second one governs the magnon-
phonon scattering. Introducing the notation
L(k,v)(r, r
′, t′) = (P˙(k,v)(r), P˙(k,v)(r
′, t′)), (31)
we re-write down the momentum balance equations in a
convenient form for further analysis〈
P˙m1(r)
〉t
=
−
0∫
−∞
dt′ eǫt
′
∫
dr′β{Dm1m1(r,r
′,t′)∇µm1(r
′,t¯) +
+L(m1,m1p)(r, r
′, t′) δVm1,p(r
′,t¯) +
+L(m1,m1m2)(r,r
′,t′) δVm1,m2(r
′,t¯)}, (32)
〈
P˙m2(r)
〉t
=
−
0∫
−∞
dt′ eǫt
′
∫
dr′β{Dm2m2(r, r
′t′)∇µm2(r
′, t¯) +
+L(m2,m2p)(r, r
′,t′) δVm2,p(r
′, t¯) +
+L(m2,m1m2)(r, r
′,t′) δVm2,m1(r
′, t¯)}, (33)
〈
P˙p(r)
〉t
=
−
0∫
−∞
dt′ eǫt
′
∫
dr′β{−Dpp(r, r
′,t′)∇βp(r
′, t¯) +
+L(p,m1p)(r, r
′, t′) δVp,m1(r
′, t¯) +
+L(p,m2p)(r, r
′, t′) δVp,m2(r
′, t¯) +
+L(p,pp)(r, r
′, t′)Vp(r
′, t¯)}. (34)
Here δVik=Vi−Vk, Dpp(r, r
′,t′) = β(∇IPp(r), I
∗
p (r
′, t′)).
Equations (32) - (34) allow conducting the analysis of
how the interaction between the subsystems at hand af-
fects the implementation of the drag effect. We introduce
the average values of the forces induced by the chemical
potential and temperature gradients:
Fmi(r)=
0∫
−∞
dt′ eǫt
′
∫
dr′Dmimj (r, r
′, t′)∇µmj (r
′, t¯)
Fp(r)=
0∫
−∞
dt′ eǫt
′
∫
dr′Dpp(r, r
′, t′)∇βp(r
′, t¯).
Besides, introduce the inverse times of the magnon
and phonon momentum relaxation caused by interac-
tion with phonons processes of non-magnon relaxation
of phonons. Let us designate them as ω(mp), and ω(pp),
respectively40,41
ω(γ,v) = (Pγ , Pγ)
−1
0∫
−∞
dt′ eǫt
′
(P˙(γ,v), P˙(γ,v)(t
′)),
γ = m1,m2, p (35)
We restrict ourselves to the discussion of a stationary
case. For this purpose, we average the balance equa-
tions over time t. To start the analysis, we consider the
simplest case when the drift velocities of the magnon sys-
tems are equal: Vm1 = Vm2 ≡ Vm and βm1 = βm2 . This
actually means that we deal with one magnon and one
phonon systems. In addition, we shall assume that the
phonon momentum is maintained from the outside by
an unchanged. Then, the momentum balance equations
appear as
Fm = Pm ω(m,mp) (Vm − Vp), (36)
0 = Pp ω(p,mp) (Vp − Vm) + Pp ω(p,pp)Vp. (37)
The balance equation for the magnon momentum ac-
quires the form
Fm = Vm
ω(p,pp) ω(m,mp)
ω(m,mp) + ω(p,pp)
Pm. (38)
7where Pm ≡ (Pm, Pm), Pp ≡ (Pp, Pp). Finally, the
dragging leads to the change in frequency of the magnon-
phonon collisions, and the quantity
Ω =
ω(p,pp) ω(m,mp)
ω(m,mp) + ω(p,pp)
is the inverse relaxation time of the magnon momentum
by non-equilibrium phonons.
From the expression (38) it follows that the drag ef-
fect has an influence on the magnon-phonon collision fre-
quency. The phonon subsystem almost always remains
in equilibrium, and the inverse relaxation time is defined
by the frequency ω(m,mp) provided that the inequality
ω(p,pp) > ω(m,pm) is fulfilled. The latter means that the
phonon momentum gained quickly relaxes in the pro-
cesses of non-magnon relaxation. If the opposite inequal-
ity ω(p,pp) < ω(m,pm) holds, the leakage of the phonon
momentum occurs slower than the gain momentum rate
in the magnon-phonon collisions. In this case, the mech-
anism of the non-magnon phonon relaxation mainly con-
tributes to the drag effect. In addition,
ω¯(m,mp)≃ω(p,pp)(ω(m,mp)/ω(m,pm))=
=ω(p,pp)(Pp/Pm)=Pm
0∫
−∞
dt eǫt(P˙(p,pp), P˙(p,pp)). (39)
Thus, the criterion of realizing the drag effect consists in
the requirement ω(m,pm)>ω(p,pp) that coincides with the
solution of the kinetic equation41. It is worth emphasiz-
ing that to calculate the correlation function in the for-
mula for ω(p,pp), it is necessary to know particular mecha-
nisms of the non-magnon phonon momentum relaxation.
For considering the drag effects there are two mechanisms
such as the Herring mechanism ω(p,pp) ∼ (kBT )
3 and the
Simons mechanism ω(p,pp) ∼ (kBT )
4 leading to a rather
strong temperature dependence of the relaxation frequen-
cies.
Another limiting case corresponds to the situation
when the drift velocities of thermal magnons and
phonons are equal to Vm2 = Vp (βm2 = βp). In this
case, thermal magnons and phonons form one subsystem.
From balance equations (32), (33) we obtain
Fm1 = Vm1
ω(p,pp) [ω(p,mp) + ω(m,m1m2)]
ω(p,mp) + ω(p,pp)
. (40)
From the expression (41) it follows that if ω(p,pp) ≫
ω(p,mp) then F1 ∼ ω(p,mp) and F1 ∼ ω(m,m1m2) if
ω(p,mp) ≪ ω(m,m1m2). If the opposite inequality, when
ω(p,pp)≪ω(p,mp) then F1∼ω(p,pp) [1+ω(m,m1m2)/ω(p,mp) ]
and F1 ∼ ω(p,pp) if ω(m,m1m2) ≪ ω(p,mp) and F1 ∼
ω(p,pp) ω(m,m1m2)/ω(p,mp) when ω(m,m1m2)≫ω(p,mp).
Now we look into the drag effect in the event of two
magnon and one phonon systems. Then, the momentum
balance equations can be written as follows. The set of
the equations (36), (37) implies
Fm1 ={ω(m1,mp)+ω(m,m1m2)−
ω(m1,mp)ω(m1,mp)
Ω
}Vm1−
−{
ω(m1,mp)ω(m2,mp)
Ω
+ω(m,m1m2)} ·
·{
Fm2+(ω(m,m1m2)+ω(m1,mp)ω(m2,mp)/Ω)Vm1
ω(m2,mp)+ω(m,m1m2)−ω(m2,mp)ω(m2,mp)/Ω
}, (41)
where Ω = ω(m1,mp) + ω(m2,mp) + ω(p,pp).
Let the energy transfer channels from the magnon sub-
systems to the phonon subsystem be equal ω(m1,mp) =
ω(m2,mp) = ω(m,mp), Vm1 = Vm. In this case we have
Fm1 ={ω(m,mp)+ω(m,m1m2)−ω(m,mp)/Ω}Vm−
−{ω(m,mp)/Ω+ω(m,m1m2)} ×
×{
Fm2+(ω(m,m1m2)+ω(m,mp)/Ω)Vm
ω(m,mp)+ω(m,m1m2)−ω(m,mp)/Ω
}. (42)
Here Ω = 2 + ω(p,pp)/ω(m,mp). If ω(p,pp)≫ω(m,mp), then
Fm1 ={ω(m,mp)+ω(m,m1m2)}Vm−
−ω(m,m1m2) · {
Fm2+ω(m,m1m2)
ω(m,mp)+ω(m,m1m2)
}. (43)
The expression (43) claims that the spin-wave current
∼ F1 is determined by the relations between the correla-
tion functions ω(m,m1m2) and ω(m,mp). As it follows from
the expression (43) that if ω(m,m1m2) ≪ ω(m,mp) then
F1 ∼ ω(m,mp). In this case magnon-phonon interaction
is the dominant channel of a magnon relaxation. If we
have the opposite inequality ω(m,m1m2) ≫ ω(m,mp) then
F1∼ω(m,m1m2). In this case the interaction between ”in-
jected” and ”thermal” magnons is the dominant channel
of a magnon relaxation. Moreover, the inelastic scatter-
ing of the ”injected” magnons by ”thermal” ones can
be regarded as scattering by impurity centers whose con-
centration is temperature-varied. This interaction will
determine the temperature-field behaviour of the spin-
wave current under the conditions of the Seebeck spin
effect.
Because of the existence of two relaxation channels
(magnon-phonon and magnon-magnon), the inelastic
scattering of the ”injected” magnons by ”thermal” ones
may give rise to the bottleneck effect and heating of the
”thermal” magnons. Such a situation emerges if the
”thermal”-magnon subsystem gains energy through the
magnon-magnon channel faster than loses it along the
magnon-phonon channel, i.e. ω(m,m1m2)≫ω(m,mp).
CONCLUSION
The formation of the two: ”injected” (coherent) and
thermally excited, different in energies magnon subsys-
tems and the influence of its interaction with phonons
and between on drag effect under spin Seebeck ef-
fect conditions in the magnetic insulator part of the
metal/ferromagnetic insulator/metal structure is stud-
ied. The analysis of the macroscopic momentum bal-
ance equations of the systems of interest conducted for
different ratios of the drift velocities of the magnon and
8phonon currents show that the injected magnons relax-
ation on the thermal ones is possible to be dominant
over its relaxation on the phonons. This interaction
will be the defining in the forming of the temperature
dependence of the spin-wave current under SSE condi-
tions, and inelastic part of the magnon-magnon inter-
action is the dominant spin relaxation mechanism. The
existence of the two relaxation channels (magnon-phonon
and magnon-magnon) in the case of inelastic scattering
of the injected magnons on the thermal ones is shown to
be leading to the warming of the letter and to Narrow-
neck effect. Such situation could be realized in the case
of energy input rate threw the magnon-magnon channel
to the ”thermal” magnons domination over its leaking
rate threw magnon-phonon mechanism
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